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Abstract. Let k be an algebraically closed field of characteristic 2, and let W be the ring of 
infinite Witt vectors over A;. Let 54 denote the symmetric group on 4 letters. We determine 
the universal deformation ring R(S4, V) for every fc^-module V which has stable endomorphism 
ring k and show that R(S4,,V) is isomorphic to either k, or W[t]/(t 2 ,2t), or the group ring 
W[Z/2], This gives a positive answer in this case to a question raised by the first author and 
Chinburg whether the universal deformation ring of a representation of a finite group with stable 
endomorphism ring k is always isomorphic to a subquotient ring of the group ring over W of a 
defect group of the modular block associated to the representation. 



1. Introduction 

Let k be an algebraically closed field of characteristic p > and let W — W(k) be the ring 
of infinite Witt vectors over k. Let G be a finite group, and suppose V is a finitely generated 
fcG-module. If the stable endomorphism ring F,nd f , G (V) is one-dimensional over k, it was shown in 
[6] that V has a universal deformation ring R(G,V). The ring R(G,V) is universal with respect 
to deformations of V over complete local commutative Noetherian rings with residue field k (see 
Sj2j) . In [6] 02 HI [5] , the isomorphism types of R(G,V) have been determined for V belonging to 
cyclic blocks, respectively to various tame blocks with dihedral defect groups with one or three 
isomorphism classes of simple modules. In the present paper, we will consider the case when V 
belongs to a particular tame block with two isomorphism classes of simple modules. The key 
tools used to determine the universal deformation rings in all these cases have been results from 
modular and ordinary representation theory due to Brauer, Erdmann [TJ], Linckelmann [TBI I17j. 
Carlson- Thevenaz [TTJ, and others. 

The main motivation for studying universal deformation rings for finite groups is that this case 
helps understand ring theoretic properties of universal deformation rings for profinite groups T. 
The latter have become an important tool in number theory, in particular if T is a profinite Galois 
group (see e.g. [12], [211 [20], [9] and their references). In [13], de Smit and Lenstra showed that if T 
is an arbitrary profinite group and V is a finite dimensional vector space over k with a continuous 
F-action which has a universal deformation ring R(T, V), then R(T, V) is the inverse limit of the 
universal deformation rings R(G, V) when G runs over all finite discrete quotients of T through 
which the T-action on V factors. Thus to answer questions about the ring structure of R(T, V), it 
is natural to first consider the case when T = G is finite. 

Suppose now that k has characteristic 2 and that S4 denotes the symmetric group on 4 letters. 
In the present paper, we consider the group ring kS 4 which is its own (principal) block and has two 
isomorphism classes of simple modules. These are represented by the trivial simple module To and 
a 2-dimensional simple module T\ which is inflated from the symmetric group S3. Since the Sylow 
2-subgroups of S4 are dihedral groups of order 8, kS^ is of tame representation type. It was shown 
in [7] [8] that i?(5 l 4,Ti) = W[t]/ (t 2 ,2t) which provides an example of a universal deformation ring 
which is not a complete intersection. The results in [7] [8] additionally imply that for every finitely 
generated fc^-module V with stable endomorphism ring k, the universal deformation ring R(S4, V) 
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arises from arithmetic in the following sense. By [8l Lemma 3.3 and Thm. 3.7], there are infinitely 
many real quadratic fields L such that the Galois group G^j of the maximal totally unramificd 
extension of L surjects onto S4 and R(G^ j, V) = R^Sa, V), where V is viewed as a module for Gl q> 
via inflation. In particular, our main result, Theorem 1 determines all the universal deformation 
rings R(G L #,V). 

Our main result is as follows, were fl denotes the syzygy, or Heller, operator (see for example [TJ 
§20]). 

Theorem 1.1. Let V be a finitely generated indecomposable kS^-module with stable endomorphism 
ring k, and let £ be the component of the stable Auslander-Reiten quiver of kS^ containing V. 

i. Suppose £ or f2(£) contains Tq. Then £ is of type "LA^, and all modules in £U f2(£) have 
stable endomorphism ring equal to k. In this case, R{S^,V) is isomorphic to W[Z/2]. 

ii. Suppose £ contains T%. Then £ is of type "LA^, and £ = fi(£). In this case, V is isomorphic 
to fF(Ti) for some integer j, and R(Si,V) is isomorphic to W[t]/(t 2 ,2t). 

iii. Suppose £ contains a uniserial module Y of length 3 with non-is amorphic top and socle. 
Then £ is a 3-tube with Y belonging to its boundary, and £ = ^(£). In this case, V is 
isomorphic to Y, fl 2 (Y) or ^(Y), and i?(S , 4, V) is isomorphic to k. 

The only components of the stable Auslander-Reiten quiver of kS± containing modules with stable 
endomorphism ring k are the ones in (i) — {Hi). 

Note that in parts (i) and (iii), R{Si, V) is a complete intersection, whereas in part (ii) this is 
not the case. In all three parts, R{Si, V) is isomorphic to a subquotient ring of WD% when D§ is a 
dihedral group of order 8. In particular, this gives a positive answer in case of the unique 2-modular 
block of S*4 to a question raised by the first author and Chinburg in 16, Question 1.1] whether the 
universal deformation ring of a representation of a finite group with stable endomorphism ring k is 
always isomorphic to a subquotient ring of the group ring over W of a defect group of the modular 
block associated to the representation. 

The paper is organized as follows. In we give some background on universal deformation rings. 
In we state the properties of kS^ we need to prove Theorem ll.il In particular, we provide the 
necessary results concerning the indecomposable modules and the stable Auslander-Reiten quiver 
of kSi. In gJ-SjZl wc prove Theorem H~T1 

Part of this paper constitutes the Ph.D. thesis of the second author under the supervision of the 
first author [T8] , 

2. Preliminaries 

Let k be an algebraically closed field of characteristic p > 0, let W be the ring of infinite Witt 
vectors over k and let F be the fraction field of W. Let C be the category of all complete local 
commutative Noetherian rings with residue field k. The morphisms in C are continuous W-algebra 
homomorphisms which induce the identity map on k. 

Suppose G is a finite group and V is a finitely generated fcG-module. A lift of V over an object 
R in C is a finitely generated i?G-module M which is free over R together with a fcG-modulc 
isomorphism cj> : k ®r M — > V. Two lifts (M, <fi) and (M', </>') of V over R are isomorphic if there is 
an RG- module isomorphism a : M — > M' such that <p' o (1 (g> a) — <t>- The isomorphism class of a 
lift of V over R is called a deformation of V over R, and the set of such deformations is denoted by 
Defc(y, R). The deformation functor Fy : C — > Sets is defined to be the covariant functor which 
sends an object R in C to Defc(V, R). 

Suppose there exists an object i?(G, V) in C and a lift (U(G, V), (pu) of V over i?(G, V) satisfying 
the following. For each R in C and for each lift (M, tfi) of V over R there is a unique morphism 
a : R(G, V) — > R in C such that the lift (M, 0) is isomorphic to {R®R(G,v),a U (G, V), <fiu) where we 
identify k® R (R ® R (G,v),a U{G, V)) with k <S>b,(g,v) U{G, V). Then R(G, V) is called the universal 
deformation ring of V and the isomorphism class of the lift (U(G, V), <f>u) is called the universal 
deformation of V. In other words, R(G, V) represents the functor Fy in the sense that Fy is 
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naturally isomorphic to Home(-R(G, V), — ). For more information on deformation rings see [13] 
and US]. 

The following four results were proved in [5] and in 0], respectively. As before, f2 denotes the 
syzygy, or Heller, operator for kG (see for example [TJ §20]). 

Proposition 2.1. ([6l Prop. 2.1]). Suppose V is a finitely generated kG-module with stable endo- 
morphism ring End feG (y) = k. Then V has a universal deformation ring R(G, V). 

Lemma 2.2. ([B] Cors. 2.5 and 2.8]). Let V be a finitely generated kG-module with stable endo- 
morphism ring End feG (V r ) = k. 

i. Then End fcG (f2(V")) = k, and R(G,V) and R(G,Cl{V)) are isomorphic. 

ii. There is a non-projective indecomposable kG-module Vq (unique up to isomorphism) such 
that End feG (Vo) — k, V is isomorphic to Vq © P for some projective kG-module P, and 
R(G,V) and R(G,Vq) are isomorphic. 

Proposition 2.3. ([4, Prop. 2.1.3]). Let L be a subgroup of G and let U be a finitely generated 
indecomposable kL-module with End fc j (U) = k. Suppose there exists an indecomposable kG-module 
V with End fc g(V) = k and a projective kG-module P such that lnd L U = V © P. Assume further 
that 

dim fc Ext^(t/, U) = dim fe Ext£ G (V, V). 
Then R(G,V) is isomorphic to R{L,U). 

Lemma 2.4. ([H Lemma 2.3.2]). Let V be a finitely generated kG-module such that there is a 
non-split short exact sequence of kG-modules 

with Ext feG (Yi, Y2) = k. Suppose that for i £ {1,2}, there exists a WG-module Xj which defines a 
lift of Yi over W . Suppose further that 

dim F HoniF G (F ® w Xi,F ® w X 2 ) = dim fc Hom fcG (Yi, Y 2 ) - 1. 

Then there exists a WG-module X which defines a lift of V over W . 



3. The group ring kS^ 

Let k be an algebraically closed field of characteristic 2, let W be the ring of infinite Witt vectors 
over k and let F be the fraction field of W. Then kS4 is its own principal block, and the defect 
groups are the Sylow 2-subgroups of S4 which are dihedral groups of order 8. By [21 §V.2.5.1], kS± 
is Morita equivalent to the special biserial algebra A = kQ/I where 

(3.1) p 1 

Q— a m ~ • v and I = {a 2 ,rjf3,jrj, /3j,"f/3a — ajf3,r/ 2 — Posy) . 

We denote the irreducible A- modules by So and Si, or, using short-hand, by and 1. Then So 
corresponds to the trivial simple fcS4-module To, and Si corresponds to the two-dimensional simple 
fcS4-module T\. The radical series of the projective indecomposable A-modules (and hence of the 
projective indecomposable fcS4-modules) can be described by the following pictures: 

1 



(3.2) 
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The field F is a splitting field for S4, and the decomposition matrix of kSi has the form 



Po Pi 



(3.3) 



Xi 

X2 
X3 

Xi 

X5 



1 

1 

1 1 

1 1 

1 



Because A is a special biserial algebra, all indecomposable non-pro jective A-modules are either 
string or band modules. Since we will use this description extensively, we now give a brief intro- 
duction. For more background material, we refer to [TO] . 

For each arrow a, ft, 7, t] in Q, we define formal inverses a ,/3 ,7 , 77 with starting points 
s(a^ 1 ) = = s(7 _1 ) and s(/3 _1 ) = 1 = s(?7 _1 ) and end points e(a^ 1 ) = = e(/3 _1 ) and e(7 _1 ) = 
1 = e(?7 _1 ). A word w is a sequence wi ■ ■ ■ w n , where Wi is either an arrow or a formal inverse such 
that s(wi) = e{wi + i) for 1 < i < n — 1. Define s(iw) = s(u>„), e(u>) = e(wi) and w _1 = it;" 1 • ■ ■ w^ 1 . 
There are also empty words 1q and l x of length with e(lo) = = s(lo), e (li) = 1 = and 
(lo)" 1 = lo) (li) 1 = li- Denote the set of all words by W, and the set of all non-empty words w 
with e(w) = s(w) by W r - Let J = {a 2 , 77/?, /?7, 777, ry 2 , 7/3a, cry/3, /3a7}. 

Definition 3.1. Let ^ s be the equivalence relation on W with w ~ s w' if and only if w = w' or 
w -1 = w' . Then strings are representatives w S W of the equivalence classes under ~ s with the 
following property: Either w = l u for u G {0, 1}, or w = Wi ■ • ■ w n where u>; for 1 < i < n— 1 

and no subword of w or its formal inverse belongs to J. 

Let C — W\ ■ ■ ■ w n be a string of length n. Then there exists an indecomposable A-module 
M(C), called the string module M(C) corresponding to the string C, which can be described as 
follows. There is a /c-basis {zo, z\,..., z n } of M(C) such that the action of A on M(C) is given by 
the following representation ipc '■ A — > Mat(n + 1, fc). Let v(i) — e(wi + i) for < i < n — 1 and 
v(n) = s(w n ). Then for each vertex u £ {0, 1} and for each arrow £ £ {a, /?, 7, 77} in Q 



We will call ipc the canonical representation and {^o, 21, ... , z„} the canonical fc-basis for M(C) 
relative to the representative C. Note that M(C) = M(C _1 ). 

The string modules for the empty words are isomorphic to the simple A-modules, namely Af (lo) — 
So and M(l x ) ^ S x . 

Definition 3.2. Let w — w\ • ■ -w n G W r . Then, for < i < n — 1, the i-th rotation of w is 
defined to be the word p%(w) — W4+1 ■ ■ - w n w-i ■ ■ - Wi. Let ~ r be the equivalence relation on W r 
such that w ^ r w' if and only if w = pi(w') for some i or w^ 1 = Pj(w') for some j. Then 
bands are representatives w £ W r of the equivalence classes under ~ r with the following property: 
w = Wi ■ • ■ w n , n > 1, with wi ^ wZ+i an d w n w i 1 j such that w is not a power of a smaller word, 
and, for all positive integers m, no subword of w m or its formal inverse belongs to J. 

Let B = wi ■ ■ ■ w n be a band of length n. Then for each integer m > and each A £ k* there 
exists an indecomposable A-module M{B,\, m) which is called the band module corresponding to 
the band B, A and m. Note that for all i,j 



Each component of the stable Auslander-Reiten quiver of A consists either entirely of string 
modules or entirely of band modules. The band modules all lie in 1-tubes. The components 
consisting of string modules are one 1-tube, one 3-tube and infinitely many non-periodic components 




M(B,\,m) M(pi(B),X,m) M(pj(B)~ 1 ,X, m). 



of type ZA[ 
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The irreducible morphisms between string modules can be described using hooks and cohooks. 
For our algebra A, these are defined as follows. Let M. be the set of maximal directed strings, i.e. 
M = {lP,(3a,aj,T]}. 

Definition 3.3. Let S be a string. We say that S starts on a peak (resp. starts in a deep) if 
S = S'C (resp. S — S"C _1 ) for some string C in A4. Dually, we say that S ends on a peak (resp. 
ends in a deep) if S = D~ 1 S" (resp. S — DS") for some string D in M. 

If S does not start on a peak (resp. does not start in a deep), there is a unique arrow £ and a 
unique M G M. such that Sh = S(M^ 1 (resp. S c — S(~ 1 M) is a string. We say Sh (resp. 5 C ) is 
obtained from S by adding a hook (resp. a cohook) on the right side. 

Dually, if S does not end on a peak (resp. does not end in a deep), there is a unique arrow £ and 
a unique N e M such that hS — M£~ X S (resp. C S — iV _1 ^5) is a string. We say ^5 (resp. C S) is 
obtained from S by adding a hook (resp. a cohook) on the left side. 

All irreducible morphisms between string modules are either canonical injections M(S) — > M(Sh), 
M(S) -> MfoS), or canonical projections M(5 C ) -> M(S), M( C S) -» M(5). 

In particular, since none of the projective A-modules is uniserial, we get the following result. 
Suppose 5 is a string of minimal positive length in a component of the stable Auslander-Reiten 
quiver of A of type ZA^. Then near M(S) the stable Auslander-Reiten component looks as in 
Figure O 



FIGURE 3.1. The stable Auslander-Reiten component near M(S). 



M( CC S) M( c S h ) M(S hh ) 

■■ ^ ^ ^ ^ ' 

M( c 5) M(S h ) 




M(S CC ) M( h S c ) M(hhS) 



In [15] . all homomorphisms between string and band modules have been determined. The follow- 
ing remark describes the homomorphisms between string modules using the canonical bases defined 
in Definition 13. II 

Remark 3.4. Let M(S) (resp. M(T)) be a string module with canonical fc-basis {a^l^Lo (resp. 
{Uv}v=o) relative to the representative S (resp. T). Suppose C is a string such that 

i. S ~ s S'CS" with (S 1 of length or S" = S'(i) and (S" of length or 5" = Ca" 1 ^"). whcrc 
S',S', S", S" are strings and Ci, C2 are arrows in Q; and 

ii. T ~ s T'CT" with (T' of length or T' = T'£f x ) and (T" of length or T" = &T"), where 
T',T', T", T" are strings and Cij are arrows in Q. 

Then there exists a non-zero A-module homomorphism oc '■ M(S) — » M{T) which factors through 
M(C) and which sends each element of {x u }™ =0 either to zero or to an element of {y„}™ =0 , according 



(i 
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to the relative position of C in S and T , respectively. If e.g. S = s\S2 ■ ■ ■ s m , T = t\t2 ■ ■ ■ t n , and 
C = s i+1 s i+2 ■ ■ ■ Si+e = tj+etj+e-i ' ' ' tj+v tnen 

<Jc(. x i+t) — Uj+i-t for < t < £, and <Jc(x u ) — for all other u. 

Note that there may be several choices of S',S" (resp. T',T") in (i) (resp. (ii)). In other words, 
there may be several fc-linearly independent homomorphisms factoring through M(C). By [15j . 
every A-module homomorphism a : M(S) — > M(T) is a fc-linear combination of homomorphisms 
which factor through string modules corresponding to strings C satisfying (i) and (ii) . 

The next result is an easy consequence of |15j and the symmetric shapes of the radical series of 
Pq and Pi as given in (|3.2|) . 

Lemma 3.5. Let v be the bijection on the arrows in Q which fixes a and r\ and interchanges (3 and 
7. Let S = W1W2 • ■ ■ w n be a string of length n > 1, and define v(S) = v(w\)~ l v(w2)~ 1 ■ • ■ v(w n )~ l . 
Then v(S) is a string, dim fc End A (M(g)) = dim fc End A (M MS))), and dim fe Extj(M (S), M (S)) = 
dimfcEjd&(M(i/(£)),M(i/(S))). 

4. The stable Auslander-Reiten components of kS& containing T and O(T ) 

In this section, we prove part (i) of Thcorcm ll.il Let A = kQ/I where k, Q and / are as in (|3.1[) . 
i.e. A is Morita equivalent to kS^. 

Let £0 be the component of the stable Auslander-Reiten quiver of A containing So, and let U 
be a A-module belonging to £0 U f2(<£o). Using the description of the components of the stable 
Auslander-Reiten quiver of A as in fJ2 we see that £0 is of type ZA^. Moreover, using hooks 
and cohooks (see Definition I3.3|) we obtain the following. There is an i £ Z such that fl l (U) is 
isomorphic to one of the following string modules: 

(4.1) S a , A n ^M((a(3- 1 l- 1 )"), B« = Mftcr^"), n > 1. 

Lemma 4.1. For n > 1, let V n be an indecomposable kS^-module which, under the Morita equiva- 
lence, corresponds to the A-module A n or B n from Then End ^ (Vn) = k = EiXt kSi (V n , V n ). 

Proof. We prove this for V n corresponding to the A-module B n . The case when V n corresponds to 
the A-module A n follows then from Lemma 13.51 

We first show how the results in [2] imply that V n is endo-trivial, in the sense that the fcS^-module 
Endfc(U„) is isomorphic to a direct sum of the trivial simple feS^-module To = k and a projective 
/c^-module. Note that if M and N are endo-trivial fcS^-modules, then so are M <3k N and f2*(M) 
for all i € Z. Consider the almost split sequence ending in To 

(4.2) ^ 2 (T ) *Vi®W x ^T ^ 

where, by our assumptions, V\ corresponds to the A-module B>\, and W\ corresponds to the A- 
module Q 2 (Ai). Since fl~ x (Vi) © ^l~ 1 (W\) is isomorphic to the heart rad(Pr )/soc(PT ) of the 
projective indecomposable fc^-module Pt with top T , it follows from Lemma 5.4] that V\ and 
W\ are endo-trivial fcS^-modules. Given an indecomposable fc^-module M of odd fc-dimension, it 
follows from [1 Thm. 3.6 and Cor. 4.7] that 

(4.3) >■ n 2 (T ) ® fc M »- (Vi © fc M) © (Wx ® k M) *~ M *■ 

is the almost split sequence ending in M modulo projective direct summands. Applying this induc- 
tively to M — V n and using that is a direct summand of the middle term of the almost split 
sequence ending in V n , we obtain that V n is endo-trivial for all n > 1. 
Since V n is endo-trivial, it follows that End fc g (V„ ) = k and that 

Ex4 S4 (y„,K) = H 1 (5 , 4 ,Endfe(K,)) - H 1 ^,^) = Ext^ 4 (T ,T ) = k. 

□ 



UNIVERSAL DEFORMATION RINGS FOR THE SYMMETRIC GROUP S 4 



7 



Lemma 4.2. For n > 1, let V n be an indecomposable kS^-module which, under the Morita equiv- 
alence, corresponds to the A-module A n or B n from \4- 1\ - Then R(Si,V n ) is isomorphic to the 
group ring W[Z/2]. 

Proof. We prove this for V n corresponding to the A-module A n , the case of V n corresponding to B n 
being similar. 

We use the description in O Lemma V. 2. 5] of the Morita equivalence between kSi and A = kQ/I 
with Q and I as in (|3.ip . From this it follows that we can take the arrow a to be (1 + h)eo where 
h G S*4 is a transposition and eo is the idempotent corresponding to the projective indecomposable 
feiSj-module Pt with top To. Let C be the cyclic subgroup of S4 of order two generated by h. Let 
Too be the uniserial fcS^-module with radical series To, To. Because of our choice of h, it follows 
that restricting the action of Si on Too to C results in a 2-dimensional fcC-module with non-trivial 
action. Considering a representation of the simple fcS^-module T\, it follows that restricting the 
action of Si on T\ to C also results in a 2-dimensional fcC-module with non-trivial action. Hence 



(4.4) 
Let A 



Sn 



Res^ 4 Too = kC ^ Res£ 4 T x . 
For n > 1, we have a short exact sequence of A- modules 



()■ 



A n - 



A r , 



Y 







where Y = M(a(3 1 ). If Z is the fcS^-module corresponding to Y, then (|4.4|) implies that 

Resg 4 Z = kC © kC. 

Hence it follows by induction that 

k © {kC) 2n 



Resfj 1 V n 



where k stands for the trivial simple fcC-module. Therefore, Res^ 4 V n is a /cC-module with sta- 
ble endomorphism ring k which has universal deformation ring R{C, Res c*V n ) = W[Z/2]. Let 
(Uv n ,C, (j>n,c) be a universal lift of Res^fV n over W[Z/2], and let (Uv n ,<pn) be a universal lift of V n 
over R(S4, V n ). Then there exists a unique T-F-algebra homomorphism /„ : W[Z/2] — * R(S4, V n ) in 
C such that the lift (Res^ 4 Uv n , Res^ 4 (f> n ) is isomorphic to the lift (i?(S , 4, V n )®w\z/2],f n Uv n ,c, 4>n,c)- 
We next show that f n is surjective for all n > 1. For this, we consider all morphisms p : 
R(Si, V n ) — > fc[e]/(e 2 ). There is a non-split short exact sequence of fe^-modules 



(4.5) 



0- 



Vn 



T ) 



• T 



no ■ 



V n 







Hence E n = (Pr ) n © Too defines a non-trivial lift of V n over k[e]/(e 2 ). Since 

Res£ 4 E n = (kC) in © kC, 

Res^ 4 E n defines a non-trivial lift of Res^ 4 V n over k[e]/ (e 2 ). Because ExtJ, S4 (V n , V n ) = k by Lemma 
14.11 this implies that as p runs through the morphisms R(Si, V n ) — >• fc[e]/ (e 2 ), the composition po/„ 
runs through the morphisms W[Z/2] — > fc[e]/(e 2 ). Hence /„ is surjective. 

We now use Lemma \2 .41 to prove that V n has always two non-isomorphic lifts over W. We first 
show that the /c^-module M corresponding to the A-string module M(jf3) has two non-isomorphic 
lifts over W. For this we consider the representation ip : S4 
permutation representation of Si, i.e. tp is given by 



Mat4(PF) which is the natural 



2)) 



^((1,2,3,4)) 



Reducing these matrices modulo 2, results in a representation Tp : S4 — > Mat4(fe) which is the 
representation of a 4-dimensional indecomposable fcS^-module corresponding to the A-string module 
M{p/j3). We can order the ordinary irreducible characters of S4 in (|3.3[) such that \i is the trivial 
character, X2 is the sign character and the T-character of tp is equal to xi + X3- Twisting tp with 
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the sign character X2, we obtain a new representation tp' : S4 — > Mat4(14 7 ) with F-character \i + X4 
which modulo 2 defines a representation of S4 over k that is also equivalent to Tp. This means that 
we get two non-isomorphic lifts (X,<f>x) and {X',<f>x') of M over W such that the F-character of 
X is xi + X3 and the F-character of X' is X2 + X4- 

Let Vq = Tq. Then it follows from the decomposition matrix (|3.3p that there are two non- 
isomorphic W 7 S4-modules C7g^ and Uq 2 which define lifts of Vb over W and whose F-characters are 
given by xi and X2, respectively. 

Let n > 1. Then Homfes 4 (M, V n -i) = k n , F,xt ks (M, V n -i) — k, and we have a short exact 
sequence of fcSi-modules 

(4.6) K-i V n ^ M >- • 

Assume by induction that there are two non-isomorphic W^-modules U^ / _ 1 l7 and U^_ 1 2 which 
define lifts of V n -\ over W such that the F-character of U^_ 1 1 is 



(4.7) 



Xi + s(xi +X3) + s(x2 + X4) if»-l = 2s 

Xi + s( X i + Xs) + (s + 1)(X2 + Xi) if n - 1 = 2s + 1 



and the F-character of U^_ 1 2 is 



(4.8) 



X2 +s(xi +X3) +s(x2 +X4) ifn-l = 2s 

X2 + (s + l)(xi + X3) + s(x2 + Xi) if n - 1 = 2s - 



Let X F = F <g)w X, X'* =F® W X', U*_ 1A = F ®w ^1,1, and U F _ h2 = F ® w U^_ h2 . Then 
if n- 1 = 2s, 

dirn F Koiii F s i (X' F , U F _ 1X ) = s + s = n - 1, 

and if n — 1 = 2s + 1, 

d\m. F Hova F s i {X F , U F _ 11 ) = 1 + s + s = n - 1. 

Similarly, if n — 1 = 2s then dimj? Hom^g^X^, C/^Lj 2 ) = n — 1, and if n — 1 = 2s + 1 then 
dimj? Homi?5 4 (X' F , U F _ 1 2 ) = n — 1. Hence by Lemma 12.41 there are two non-isomorphic WS4- 
modules U^i and which define lifts of over W and whose F-characters are as in (|4.8p and 
(|4.7j) when n — 1 is replaced by n. 

Summarizing, we see that for each n > 1, we have a surjective morphism /„ : W[Z/2] — > R(Si, V n ) 
in C and there are two distinct morphisms R(S4,V n ) — > 1U in C. Hence Spec(i?(S4, contains 
both points of the generic fiber of Spec(W[Z/2]). Since the Zariski closure of these points is all 
of Spec(H / [Z/2]), this implies that R(S4,V n ) must be isomorphic to W[Z/2]. This completes the 
proof of Lemma l4~2l □ 



Since by PS §1.4], R(S 4 ,T ) = W[Z/2], part (i) of Theorem O now follows from Lemmas S3 
and 



5. The stable Auslander-Reiten component of kSi containing T\ 

In this section, we prove part (ii) of Theorcm ll.il As before, let A = kQ/I where k, Q and / are 
as in (|3.ip . 

Let Ci be the component of the stable Auslander-Reiten quiver of A containing Si. Using the 
description of the components of the stable Auslander-Reiten quiver of A as in §3) we see that £1 
is of type Z^4|^. Moreover near Si, £1 looks as in Figure l5Tl where Soo is the uniserial A-module 
with radical series So, So and Soon is the string module M{a~ 1 "fq~ 1 ). Hence £1 = f2((£i). 

Lemma 5.1. The only A-modules belonging to £1 which have stable endomorphism ring k are of 
the form f2 l (Si) for some i G Z. 
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Figure 5.1. The stable Auslander-Reiten component £1 near S%. 





fi(Si) 



(Si) 






n 2 



(Si) 



n- 2 



(Si) 





tt(S Q0 ) 



Q- 1 



(S'oo) 




Proof. Let U be a A- module belonging to £1 which is not in the fi-orbit of Si. Using hooks and 
cohooks (see Definition I3.3[) we obtain the following because of Figure 15.11 There exist integers i 
and n > 1 such that £l' l (U) is isomorphic to one of the following string modules: 



Let {a;f'"}"i be the canonical A:-basis for Ci >n , i G {1,2,3}. Then the A-module endomorphism 
of Ct n which sends af ' n to x l { n and all other x l r ' n to zero does not factor through a projective 



Since it was proved in Thm. 2.3] that R{Si,Ti) ^ W[t]/(t 2 , 2t), part (ii) of Theorem Q now 
follows from Lemmas 15.11 and 12.21 

6. The stable Auslander-Reiten component of kS^ which is a 3-tube 

In this section, we prove part (iii) of Theorem 11.11 As before, let A = kQ/I where k, Q and I 
are as in (|3.1[) . 

Let £ be a component of the stable Auslander-Reiten quiver of A containing a uniserial module X 
of length 3 with non-isomorphic top and socle. Then X is either X\ with descending radical series 
So, So, Si or X2 with descending radical series Si, So, So- In particular, X 2 = fi(-X"i) = fT 2 (Ai), 
which implies that £ is the unique 3-tube of the stable Auslander-Reiten quiver of A with Xi and 
X2 belonging to its boundary, and £. — fi((£). The third A-module at the boundary of £ is f2 2 (Xi) 
which is the uniserial A-module with radical series Si, Si. 

Lemma 6.1. The only A-modules belonging to €. which have stable endomorphism ring k are Xi, 
X2 = tt(Xi) and fl 2 (Xi). Moreover, ifY is a uniserial kS^-module of length 3 with non-isomorphic 
top and socle and V £ {Y, VL 2 {Y), ^(Y)}, then R(S A , V) = k. 

Proof. Let U be a A-module belonging to £ but not to its boundary. Using hooks and cohooks 
(see Definition 13 . 3[) it follows that there exist integers n > 1 and i £ {0, 1,2} such that O l (J7) is 




C 2 , n = M (a- 1 ( 1 n- 1 /3a~ 1 [3- 1 7 n - 1 a- 1 ) n 1 7JT 1 ) , 

CV - M (a" 1 (jn^Pa- 1 ^ 1 ^- 1 ^ 1 )^ 1 jrj- 1 /3a" 1 /3" 1 ) . 



A-module. 



□ 
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isomorphic to one of the following string modules: 

X-x, n = M (( 7 - 1 a- 1 77 7 - 1 /3a- 1 /3~ 1 r;)™" 1 7~ 1 «" 1 7?r 1 ) , 
X , n = M (("/- 1 a- 1 jr)- 1 (3a- 1 (3- 1 r l ) n ~ 1 ^aT 1 -^ 1 fiaT 1 , 
Xi, n = M ((7- 1 a^ 1 777- 1 /3a- 1 /3- 1 77) n 7- 1 a- 1 ) . 

Let {a;^ ™}r"o 1+3£ be the canonical fc-basis for X( n , £ E { — 1,0,1}. Then the A-module endomor- 
phism of Xi >n which sends x ' n to x^ n , and all other xp n to zero does not factor through a projective 
A-module. Hence the stable endomorphism ring of Xi^ n has ^-dimension at least 2. 

By Lemma [2~2l to prove R(S4, V) = k, for V as in the statement of the lemma, it is sufficient to 
consider the case when V = Txx is the uniserial /cS^-module with radical series T\,T\. Let A4 be 
the alternating group of order 12 inside S4. There are three one-dimensional simple fc^-modules 
E , Ei and E 2 where E is the trivial simple fc^-module. Consider the uniserial fc^-module Ei 2 
with descending radical series E ll E 2 - Then E l2 lies at the boundary of a 3-tube of the stable 
Auslander-Reiten quiver of kA^, and there is a non-split short exact sequence of fcAi-modules 

*■ E 2 >■ Ei 2 >■ Ei s- 0. 

By [TJ Lemma 8.6(5)], since Ind^ 4 £i S T x Ind^ 4 ^ 2 , there is a non-split short exact sequence of 
fc^-modules 

Tx Ind^£ 12 ^ Tx 

which implies that T n = bxd^Eu. By Prop. 3.4], End^fE^) = k and R{A^ E 12 ) = k. Since 
Endfes 4 ( r ii) = k and 

Ext^ 4 (T u ,r u ) - - Ext^ 4 (E 12 ,E 12 ), 
Proposition [2~3l implies that i?(S 4 , Txi) = i?(^ 4 , E i2 ) = k. □ 

7. Stable endomorphism rings 

In this section, we complete the proof of Theorem 1 1.11 by determining which components of the 
stable Auslander-Reiten quiver of kSn contain modules with stable endomorphism ring k. Recall 
that kSi is Morita equivalent to the special biserial algebra A = kQ/I where k, Q and / are as in 
& 

We first consider all components of the stable Auslander-Reiten quiver of A of type ZA^ and 
determine which of these components contain a module with stable endomorphism ring k. 

Proposition 7.1. Let A = kQ/I where Q and I are as in SJ3J Then the components of the stable 
Auslander-Reiten quiver of A of type 1A^ containing a module with stable endomorphism ring k 
are precisely the components containing So, f2(So) or Si. 

Proof. Let £ be a component of type ZA^ of the stable Auslander-Reiten quiver of A such that 
£ U Q((E) contains no simple A-module. 

Let M(S) be a string module of minimal length in <£. In particular, S cannot start or end in a 
peak (resp. in a deep), and near M(S) the component C looks as in Figure [3TTI Hence it suffices 
to show that each of the A-modules M(S), M(Sh---h) and M{S C ... C ) has an endomorphism which 
does not factor through a projective A-module and which is not a scalar multiple of the identity 
homomorphism . 

Using Lemma l3.5l and that S cannot start or end in a peak (resp. in a deep), it follows that one 
only needs to consider M(S) where 

(7.1) S^a^j---, S = -y- 1 a---, or S = /T 1 ^ -1 ■ ■ ■ • 

Note that M(a~ 1 ) lies in the same stable Auslander-Reiten component as Si, and hence has already 
been considered in Lemma 15.11 
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One now goes through all the cases for S in (|7.1[) and determines suitable endomorphisms that 
do not factor through a projective A-module. We provide a few examples. Let {z r }^;fg be the 
canonical fc-basis of the string module M (S) relative to the chosen representative S. 

If S = a _1 7 • • • then the endomorphism sending z to Z\ and all other z r to zero does not factor 
through a projective A-module, and the same is true for M(Sh---h) and M(S C ... C ). 

If S = 7 _1 a • • • , one needs to consider two possibilities, namely S = r )~ 1 a(3~ 1 ■ ■ ■ and S = 
7~ 1 c*7 • • • . If S = /3 _1 ^7 _1 • • • , one needs to consider three possibilities, namely S — /3 _1 r77 _1 , S = 
f3~ 1 r)j~~ 1 a ■ ■ ■ and S — /3 Tfy a • • • . For example, if S = f3~ 1 r]"/~ 1 a ■ ■ ■ then the endomorphism 
sending zq to Z3 and all other z r to zero does not factor through a projective A-module, and the 
same is true for M(Sh---h) an d M(S c ---c)- □ 

Next, we consider all components of the stable Auslander-Reiten quiver which are one-tubes. 
Except for one 1-tube consisting of string modules, all the other 1-tubes consist of band modules. 
It follows from [TS] that if B is a band, A £ k — {0} and n > 2 is an integer, then End A (M(B, A, n)) 
has fc-dimension at least 2. Hence we can concentrate on the band modules M(B, A, 1). We need 
the following two definitions. 

Definition 7.2. Let B be a band for A, A G k - {0} and let M B ,\ = M{B, A, 1). Suppose S is a 
string such that 

i. B ^ r STi with T\ = T{^2, where T\,T[ are strings and £i>£2 are arrows in Q; and 

ii. B ^ r ST2 with T2 = Ci^C^ 1 ! where T2,T^ are strings and Ci>Ca are arrows in Q. 

Then by [TSj there exists a non-zero endomorphism of Mb,\ which factors through M(S). We 
will call such an endomorphism to be of string type S. Note that there may be several choices 
of T\ (resp. T 2 ) in (i) (resp. (ii)). In other words, there may be several fc-linearly independent 
endomorphisms of string type S. By [15] . every endomorphism of Mg,\ is a fc-linear combination 
of the identity homomorphism and of endomorphisms of string type S for suitable choices of strings 
S satisfying (i) and (ii). 

Definition 7.3. Let B be a band for A. A word S is called a top-socle piece of B if 

b. B r^ r ST for some string T where T = £T'£ and £, £ are arrows in Q. 

Note that B ^ r CqC^ 1 C 2 C^ 1 ■ ■ ■ C~ x where s > 1 is odd and C , Ci,. . . ,C S are top-socle pieces of 
B. 

In the proof of the following proposition, we will often use the equality sign instead of the more 
precise ~ r . 

Proposition 7.4. Let A = kQ/I where Q and I are as in £0 Then each module M which lies in a 
component of the stable Auslander-Reiten quiver of A which is a 1-tube satisfies dinife End A (A/) > 2. 

Proof. Consider first the 1-tube consisting of string modules. If X is a string module in this 1-tube, 
then X = Af(/3 _1 7 _1 (a/3 _1 7 _1 ) n ) for some n > 0. Let {zrjv™o 2 be the canonical fc-basis of the 
string module X. Then the endomorphism sending zq to Z3 n +2 and all other z r to zero does not 
factor through a projective A-module. 

All other 1-tubes consist of band modules, and it follows from [15] that the only possible band 
modules with stable endomorphism ring k are those lying at the boundary. Hence one only needs to 
consider the band modules Mb,x = M (B, A, 1) where B is a band for A and A G k — {0}. Suppose 
there is a band B such that Mb,\ has stable endomorphism ring equal to k. 

Since every band contains either /3 _1 7" 1 or rj^ 1 as top-socle piece, one successively eliminates 
these two cases by determining endomorphisms of suitable string types which do not factor through 
a projective A-module. We provide a few examples in each case. 

Suppose first that B contains /3^ 1 7^" 1 as top-socle piece, i.e. B = [3~ 1 j~ 1 C for some string 
C = Cf 1 C2C 3 ~ 1 • • • C7 1 where s > 1 is odd and C\, C2, ■■■ ,C S are top-socle pieces of B. One needs 
to distinguish between s — 1 and s > 3. If s > 3 then, without loss of generality, Cj" 1 ^ ^ a/3~ 1 7~ 1 . 
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This leads to two cases, namely either Cj" 1 ^ = a7?y _1 or C-f 1 ^ = a/3 -1 . For example, if 
C-f 1 C , 2 = ajrj^ 1 then Mb,\ has an endomorphism of string type 7 or of string type r )~ 1 a which 
does not factor through a projective A-module. 

Suppose now that B contains rf 1 as top-socle piece but not /? _1 7 -1 . One needs to distinguish 
between the case when B = rf^fioT 1 ^ and the case when B also contains a -1 /3 -1 as top-socle 
piece. If B contains both f? -1 and a" 1 (3~ 1 as top-socle pieces then B = rf 1 /3a -1 (3~ 1 r)D for 
some string D = DiD^D^ ■ ■ ■ D~ x where u > 2 is even and D\, D 2 , ■ ■ ■ , D u are top-socle pieces 
of B. This leads to two subcases D\ — j" 1 ^ 1 or Di = 7 -1 . Each of these subcases leads to 
further subcases that have to be distinguished. For example, if D\ = 7 -1 , then either D^ 1 = a 
or D^ 1 = cry. Concentrating on the case when DiD^ 1 — 7 -1 a, one has u > 4 and, by our 
assumptions, D-^D^ 1 — fi~ x r\. Then Mb,x has an endomorphism of string type /3 -1 ?/7 -1 or of 
string type a/3 iyy a which does not factor through a projective A-module. 

Altogether, it follows that B contains neither /5 _1 7 -1 nor r/^ 1 as top-socle piece, which means 
that B does not exist and hence Proposition 1 7 . 41 follows . □ 
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